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COMPUTER ALGEBRA AND THE MICROCOMPUTER 
L. C. LEINBACH 
Computer Studies, Gettysburg College, Gettysburg, PA 17325, U.S.A. 
Abstract--A discussion fa computer algebra system used to assist students in their study of mathematics. 
Illustrations include xamples that help students o anticipate major esults by examining evidence 
produced by the computer while working in a laboratory setting. Also included are examples that illustrate 
how the use of a computer algebra system can assist in the problem solving process. 
1. INTRODUCTION 
From the birth of modern electronic omputing, farsighted users have seen the potential of 
computers as tools for doing mathematics. In Ref. [1] Stanislaw Ulam mentions early success in 
the study of perturbed wave motion [1, p. 19] and in number theory [1, p. 40]. Ulam observes: "these 
electronic machines.. ,  provide a marvelous extension of the means for experimenting with 
symbols" [1, p. 43]. He further eports that Von Neumann held the belief that "computing machines 
will not only help to solve existing problems, but also provide new perspectives in mathematics 
and physics.. ,  they can provide the imaginative investigator with new 'experimental' material that 
may suggest new theories." [1, p. 24] Today, the easy availability of powerful computer algebra 
systems for microcomputers, makes it possible to implement the Ulam and Von Neumann agenda 
at the undergraduate level. 
A computer algebra system (CAS) is a package of computer programs that combine symbolic 
manipulation functions such as factoring polynomials, expanding products, finding derived 
functions, finding antiderivatives and determining exact values for definite integrals; numerical 
routines for finding approximate values; and good, easily implemented computer graphics display. 
This combination has a variety of uses ranging from such mundane tasks as providing assistance 
for doing mathematics homework exercises to the more significant task of assisting in the solution 
of a multistep roblem by quickly performing technical calculations and allowing the problem 
solver to concentrate on the process itself. At the highest level the system can be used to test 
hypotheses, generate conjectures, and suggest strategies for proof. 
2. THE CAS LABORATORY 
The computing laboratory at Gettysburg College is a room with 15 work areas for student use. 
Each work area contains a 640 K 286-based machine running under the MS/DOSt operating 
system. Each machine has a 40 megabyte hard disk drive. The CAS is stored in its own directory 
on the hard drive. It is invoked by the student yping the name of a batch file that accesses the 
proper directory and runs the master program. At the front of the room is an instructor's work 
station attached to an overhead projection panel. This station is used to introduce laboratory 
projects or share interesting observations with the class. The room can also be used for teaching 
a conventional mathematics class supplemented with examples generated by the CAS. During 
non-class hours the room is available for student use a total of 70 H per week. This means that 
students can use the mathematical ctivities. 
The CAS discussed in this paper is DERIVE:~. This package was first announced for 
distribution in November 1988. It is the successor of MuMath$ and a great improvement 
over that pioneering program. The projects that follow were done originally by students 
using MuMath with the CALC-87§ enhancement that included limited two-dimensional display 
tMS/DOS refers to the operating system developed by the Microsoft Corporation--all rights reserved. 
:~DERIVE and MuMath are trademarks of products developed by the Soft Warehouse, Honolulu, Hawaii. 
§CALC-87 is an enhancement for MuMath v4.12 developed by Ralph Freeze and David Stegcnga ofthe Mathematics 
Department at the University of Hawaii. 
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of expressions,two-dimensional graphics display and some numerical routines. This enhancement 
made MuMath a workable tool for use by students. The projects were done using DERIVE 
by the author for this paper. It is anticipated that the students will be using DERIVE in the 
future. 
DERIVE is an amazingly complete CAS that is available on a standard microcomputer 
(a 640 K MS/DOS machine). It can be run on machines having only a single floppy disk drive or 
it can be stored on a hard disk. The system does exact arithmetic including complex arithmetic. 
For example, after defining 
P(n, t),=(cos(t) + i sin(t)) n, 
a request for P(5, ~/6) required 0.2 s of computing time1" (DERIVE provides the user with this 
information) to displayS/ 
--x//3 i_ / 
2 2" 
One of the strong points of DERIVE is its two-dimensional display of expressions. Integrals, 
summations, fractions, exponents, derivatives, matrices etc. all appear as they would in familiar 
textbook notation. Figure 1 is a typical DERIVE screen. 
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Fig. 1 
To evaluate any of the expressions in Fig. 1, the user simply strikes the arrow keys until the 
desired expression is highlighted and types S for simplify. The expressions are entered on the 
command line after pressing A for author. Entry is done using standard one-dimensional input that 
is reminiscent of MuMath input (INT, DIF, SUM, SUM, X^2, etc). One difference in the input 
is that DERIVE allows the user to type lower case letters. 
Another very attractive feature is DERIVEs two- and three-dimensional graphing capability. 
It is possible to set up a graphics window as an overlay of the expressions screen or to split the 
screen between the expressions and graphics windows. It is possible to have several graphics 
windows on the same screen to display different plots or details of the same plot. The following 
tDERIVE, however, does not seem to know DeMoivre's Theorem. A request for P(29. n/6) required 12.9 sof computing 
time to produce the same result. 
:~DERIVE has keystrokes for special symbols, including 12 Greek letters. 
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is a three-dimensional plot to show the intersection of paraboloid z = x2+ y2  4 and the plane 
z = 1 + x + y. It was obtained by plotting min(x 2 + y2 _ 4, x + y + 1) (Fig. 2). 
Fig. 2 
DERIVE has matrix routines that allow for matrix and vector dot products, matrix inversion, 
matrix transpose, declaring the identity matrix, finding the determinant and finding the character- 
istic polynomial and eigenvalues of matrix. The speed of these routines depends on the size of the 
matrix and the number of non-numeric included in the matrix. 
In summary, DERIVE continues in the tradition of MuMath by supplying the user an 
outstanding CAS that is within one's budget and present computing capabilities. The subtitle of 
the package is: "a mathematical ssistant". It does its job well. 
3. PROJECTS USING THE CAS 
All of the examples presented in this section are done using the CAS described above. They can, 
of course, be duplicated using any good CAS. Some of these projects can be done on a weaker 
system that has only numerical and graphing capabilities combined with some limited symbolic 
differentiation capabilities. Examples of some good programs of this type are MICROCALC 
developed by Harley Flanders at the University of Michigan or the Calculus package that is 
distributed by the True-BASIC Corporation. At the lowest end of the spectrum, some of these 
projects can be done on a symbolic alculator having a graphics display. The limited display size 
and the number of keystrokes required by the calculator detract from the main goal of these 
exercises. That goal is to have students concentrate on the mathematical process and not be 
distracted by factors that are not directly involved in the process. 
In the following discussions the DERIVE session will be simulated. 
The relationship between a function and its derivative 
The purpose of this paper is to determine the information that the derived function conveys 
about a function. During the laboratory period the student makes several observations. This is 
possible since the CAS is very good at generating the data for the student o consider. The concern 
is to have the student observe the data. Using the CAS to generate data allows for the consideration 
of more interesting and involved functions than are possible early in a calculus course taught 
without the CAS. One of the examples considered is the function, 
f (x)  = x 2 exp(--x2). 
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The student ypes A for author and enters 
f(x): = x^2, #e^(-x^2).  
On the DERIVE screen appears: 
Typing A again, the student enters: 
Thc screen displays: 
Pressing S for simplify yields: 
F(x),=x2e -x . 
dif(f(x),x). 
d 
d--~ [F(x)]. 
(2x 3 - 2x)e -x2. 
Using the plot option generates the graph shown in Fig. 3. 
Fig. 3 
The student is asked to record on a lab sheet the intervals wheref(x) is increasing and decreasing, 
positive and negative, and where maxima and minima occur. The same information is recorded 
for the derived function. In a lab report the student is expected to comment on these observations 
and make any conjectures that seem to be supported by the data. Most of the students observe 
that the derived function crosses the x-axis at points where the function has a local max imum or 
minimum, many observe the relationship that the function is increasing when the derived function 
is positive and decreasing when the derived function is negative. There was, however, an interesting 
case of a student who asked what is the function doing when the derived function has a local 
max imum or minimum? Although the goal of the lab was to set up the class discussion of the first 
derivative test, one student's observation of the data provided an ideal introduction to the second 
derivative test as well. 
An optimization problem 
The solution of a multistep roblem that involves everal difficult calculations i  a task that many 
students find difficult. The use of a CAS does not guarantee that students will become skilled 
problem solvers. It does, however, provide a medium for them to practio," these skills without 
having the process interrupted by the necessity to expend energy on difficult echnical manipula- 
tions. Consider the following variation on a very old calculus theme: 
A courier is on a ship miles off the shore of a hostile country and must deliver a 
message to a contact at a rendezvous point located 20 miles down the coast from 
the ship's position. The courier will travel by a launch to a point on the coast line 
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(which we will assume is straight) and then run along the beach. The courier can run 
at a sustained rate of 5 mph, but obviously has a perference for an all sea route. What 
is the minimum speed that the launch must be able to travel to make an all sea route 
the one that will get the courier to the contact in the shortest possible time? 
Proceeding in a standard way the student develops the objective function 
./ + x 2) (20 - x) t(x),= - (36  + - -  
r 5 
After entering this function together with dif(T(x), x), the following result is obtained: 
r~/~ + 36) - 5x 
5r~36)  
Now the student is confronted with a slightly different problem than the usual calculus 
optimization exercise. Instead of solving for x (a process easily done using the CAS), the student 
will solve for r. Having the CAS allows students to follow false leads withou expending a great 
deal of time and energy. DERIVE has a feature that makes this even easier. Placing the cursor 
on the above expression and striking the F3 function key inserts the expression in the current 
command. Thus, the student enters the command solve((F3)= 0, r), where (F3) indicates the 
striking of the function key. This results in 
5x 
r = ~ +  36)" 
Using the "substitute" option under the "manage" command yields for x = 20: 
5,/r0-  
r ~ - - -  
109 
The "approximate" command with the default precision of six displays: 
r = 4.78913. 
If the student uses the "plot" option to graph the relationship between r and x, it will become 
very clear that for any sizable distance the minimum acceptable speed for the launch is 5 mph, the 
running speed of the courier. This result should be obvious, but this is not always the case for all 
students. The importance of having the CAS to assist in the process is that mistakes can be made 
in solving the problem without inflicting too high a penalty on the problem solver. 
Illustrating the fundamental theorem of calculus 
For many the fundamental theorem of calculus is only a way of associating a number with the 
elongated S symbol that appears in calculus books. It provides a tool for evaluating integrals for 
those functions whose antiderivative can be found in closed form. Reimann sums and the 
development of that rule are quickly forgotten. Unfortunately, the functions arising in many 
applications are not those that are encountered in the calculus books. This project has the student 
investigate the relationship between the results of applying the midpoint rule to a function defined 
over an interval and the function itself. 
At the start of the project the following function is defined: 
I b_a .  t ( i -1 ) (b -a )  1 S(a,b,n),= b -a  ~ F a+ - . 
n i -  I 2n  n 
The student hen declares the function F(x) and expands the sum for different values of a, b, n. 
Of particular interest is when a and n are fixed and b is allowed to vary. The resulting values 
are definitively values of some function of b, but what function? This function can be displayed 
by using the "plot" option on S(a, t, n) for fixed values of a and n. The student is then directed 
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to graph the original function, F(t), on the same display and compares the graphs of the two 
functions. 
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Fig. 4 
Figure 4 shows the graph of F(x) and S(0, t, 5) for the function 
1 
V(x) '=  1 + x 2" 
The comparison of the graphs of the two functions hould exhibit many of the same relationships 
that exist between a function and its derivative. In this instance, however, the original function 
appears to be playing the role of the derivative! This surprising observation sets up the proof of 
the fundamental theorem of calculus and makes it a reasonable result. An especially valuable 
benefit of the observations made using the CAS is that they emphasize the meaning of the definite 
integral and open the prospect for a whole meaning of the definitive integral and open the prospect 
for a whole variety of applications involving the accumulation offunction values. In practical terms 
this project could not be done without the assistance of the CAS. The manipulations are just too 
tedius. With the CAS, however, it is possible to do the process for several different functions and 
build up a store of experimental evidence. 
Least squares fit to a continuous function over an interval 
This technique is seldom used because of the tedium of the calculations required by the process. 
It is a conceptually easy idea that can be used to introduce the general idea of a least squares fit 
of a polynomial to given data as well as the approximation of a function by polynomials on an 
interval, [a, b]. The end result of this technique has an accuracy that, in some cases, is comparable 
to Cbebyshev approximation [2, p. 222]. 
We will approximate the exponential function on the closed interval [-0.5, 0.5] by a quartic 
polynomial. The general idea when approximating the function, f(x), by a polynomial, p(x), on 
the interval [a, b] is to minimize the L: norm 
f [ f (x)  -- p(x)l 2 dx. 
It is a simple task to show that coefficients of p(x) are solutions to the linear system Ae = b, 
where 
au= xi+S-2dx and bt= xt-lf(x) dx, 
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for i , j = 1, 2 . . . . .  N + 1, where N is the degree ofp(x). The equations following this discussion 
are from a DERIVE session to solve this problem and the graph is the graph of the error of the 
approximation over the interval [0.5, 0.5]. Note that the y-scale is 0.00001 unit. 
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Fig. 5 
4. SUMMARY 
All of the above examples were taken from laboratory projects used in a mathematics laboratory. 
They were chosen to illustrate how a CAS can be used to assist in a mathematical problem solving 
process. The ability to have a tool that will quickly do routine algebra computations, make 
approximations and easily display the results as an expression can provide the problem solver with 
new strategies and insights. This is the case whether the problem solver is a student in a mathematics 
laboratory or a working mathematics researcher. 
The CAS illustrated in this paper is inexpensive and requires what has been established as one 
of the standard microcomputers for both academic and industrial use. Other CASs are available 
for other microcomputers, but require at least one megabyte of memory. DERIVE, like its 
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predecessor, MuMath, has brought a quality CAS to a price level that is affordable for most 
academic institutions and individuals interested in using a computer for mathematical problem 
solving. 
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